- Ma‘m 250 3.9 Related Rates

/_\Objecnvcs
%‘ o Usechmnnﬂetoﬁndratesofchangemthrespecttonme
‘ / a. Assume all variables change as time changes, unless stated otherwise.

b. Take derivatives -:-:t— of all variables

2) Find related rates equations
a. Given an equation that describes the relationship among several variables, the related rates
equation is the derivative of the original equation with respect to tlme t, and it shows how the
rates of change are related to each other.
b. Assume all variables change with respect to time, unless stated otherwise.

c. Take derivatives g; of both sides of the main equation.

3) Use related rates equations to solve problems
a. Draw a diagram or sketch
b. List all variables .
Write one or more formulas or equations which describe the situation and are true at a// time ¢

c.
d. If one equation or relationship can be substituted to eliminate a variable, do this
e. Recognize which variables are changing
f. Find the related rates equation by taking derivatives gt_
g. Substitute given values of variable at the instant of interest
h. Substitute given rates of change for derivatives at the instant of interest
i. Solve algebraically for one unknown
j- Use units to check work and answer question
k. Check that the answer is reasonable—especially signs.
i. If arate of change is negative, that quantity is decreasing.
ii. If a rate of change is positive, that quantity is increasing.
Examples and Practice
1) Find derivatives A P
d
a —{5x°
L)
d
b. —{5x°
4 (52)
d
. —5x +y?
e Z0+)
d I xp=4, find & when x=8 and ¥ =2
—~ dt dat

2) Supposeapointismovingalongthegraphofy=«/; in such a way that g—‘z—-lcm/?wc. Findthe:ateyat
_ which the y-coordinate is changing at the moment when x =9cm. '
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-3) Bacteria are growing in a circular colony one bacterium thick. The bacteria are growing at a constant rate,
thus making the area of the colony increase at a constant rate of 12 mm” / hr . Determine how fast the
~~  radius of the circle is changing at the moment when it equals 3 mm.

4) Johnny B. Good blows up a spherical balloon. In order for the radius to increase at 2 cm/sec, how fast
must Johnny blow air into the balloon when r = 3cm?

5) A point is moving along the graph of y = v/x in such a awy that %=O.Scm/sec. Find the rate at which the
distance between the point and the origin is changing when x=4.

6) The edges of a cube are expanding at a rate of 1.5 cm/min. Find the rate at which the a) volume and b)
surface area are changing when the edge is 2 cm long.

7)) Areservoirisintheshapeofacone,vertexdom The radius at the top is 20 meters, and the height of the
reservoir is 15 meters. Water is pouring out of the reservoir at a rate of 2 m* /min . Find the rate at which
the height of the water is changing at the moment when the height is 10 meters. |

8) A 20-foot ladder leans against a wall. ThebaseoftheladdermbemgpushedtowardtbewallatarateofOZ
ft/sec. Find:
a. Therateatwhlchthetopoftheladdensmovmgupthewallatthemomentwhenthebaseofthe
~ ladder is 6 feet from the wall. |
b. The rate at which the area of the triangle formed by the wall, ladder, andgroumdlschangmgaithe
same moment as in part a).

9) A man is walking away from a lamppost at 5 ft/sec. The lamp is 15 feet tall. The man is 6 feet tall.
a. When he is 10 feet away from the base of the light, at what rate is the tip of his shadow moving?
b. WhenhexsIOfeetawayﬁ'omthebaseofthehght,atwhatratelsthelengthofhlsshadow
changing? '




)

(

Geometry Formulas

Plane Figures

)

'DEFINITIONS - - (
The petimeter is the sum of the lengths of all the sides of a figure.

The area is the amount of space enclosed by a two-dimensional figure measured

in units squared.

The surface area of a solid is the sum'of the areas of the surfnces of a three-
‘dimensional figure.

The volume is the amount of space occupied by o three-dimenmonnl ﬁgure
measured in units cubed.

The radius r of a circle is the line segment that extends from the ce.nter of the |

circle to any point on the circle.

The diameter of a circle is any line segment that extends from one point on the -

circle through the center to a second point on the circle. The dxameter is two
times the length of the radius, d = 2r.

In circles, we use the term dircumference to mean the perimeter.

JYormulas .
Square | Arem A = st e i
) | Pactmetan £ = 44 Solids Formulas
‘ : : Cube Volume: ¥ = J;’ et
Rectangle X - Aren: A = lw ‘ Surface Ares;
' R L4 Parimetan F = 2/ + 2w
' I —
* Rectangular Sotid anumsz V= twh
 Tangle A...,A.-:-u, ‘Surh:eﬁgus = 2lw + 21h + 2wh
' a ¢ . )

i ‘ ‘Pectmeten Pm o+ b+ c .
: € " LS -
§ 2 N : Sphere ' ‘ \fqtumz.v--é-vrr’
‘Topemoid b_ Aroa A = %n(a +b) Surface Area: § = éarr?
H yin ] ‘ .
' VAL ¢ Perimeterz P= o+ b+ c+ B ; - - " ,
‘ ; . c der - r Volume: V = rth
; : i B - Fiahe ifww e A Surface Area: S = 2mr® + Z'wr@
i Parallelogram -+ - b .| AremtA = bh '
: Perimeter: P = 20 + 2b ) ‘ : :
, : 1 Cone farz: N Volumqav"%m’h
| . | ' .. ‘
Circle Areaz A = art o o) Swlace Area

Q% Circumferences ( = 27 = wd ' ‘ S= r7’+’Trv~,W




Units Analysis
—~OQbijective: Use units to check ansWers and formulas

Unrts describe what type of items or measurements are used. Ex: feet, minutes, hters, revoluttons, mlles per
hour, dollars per square foot, cubic feet per mlnute

Rules for units or dimensional analxgis

1. Toaddor subtract units, the terms being combmed must have the same unlts and the result has
those same units. (This is the same as “combining like terms™.) r
Example: feet + feet=feet Sl ‘ S
Example: 2 apples + 3 apples=>5apples o ' ' N

2. When multrplymg units, the dimension of the units increases. The exponent on the units is called the
“dimension”.
‘Example: feet x feet =square feet= feet®
3. Theword “per” in the units means divide.

(the rate a car moves)

. miles
Example: miles per hour =
hour

dollars (thecostofcarpetmg)"’”f‘ RN

o Example* dollarspersquarefoot-
SN , eet

- S Example cublc feet per minute = f (rate a bathtub ﬁlts wuthwafter)

4. Ifyou multlply a per" expression by another expression W|th the same units as the denomlnator the
- unitscancel. (Thisis like cancelrng or dlwdmgout a common factor. )

iles
Example: TS  hours = miles (because ‘hour’ and ‘hours’ are the same, they cancel out)

hour

Example:

$2t2 .17 feet® = $34 (because square feet cancel out)

5. To check an equation or formula e T il
a. Thesimplified units must be the same on the left side as on the right srde S
b. Substitute the units for each quantity into the equation.
c. Constants and constant coefficients have no units.

Example: D=R-T,wheredistance D is given in miles, rate R is given in miles per hour, and

ll,e,s ~hours., the hours

timei is gwen inhours, means the dlmenSIons in the equatnon are: mzles =

cancel and we have mrles mrles




Example: Suppose we m|s~remembered the formula as D-R=T. Dlmensronal analysis gives

miles

miles - = hours , but the left srde srmplrﬁes to miles ;e hours helpmg us reallze that we

N our our
have the formula wrong, because the units on the left are not the same as the units on the right.

6. Exponents or dlmenswns tell us the shape of the concept being calculated
a. Aone-dimensional calculation is tength of aline ora curved llne measured in one-
dimensional units, like feet or meters. : f '

Example: ‘th'e distance from point AtopointB
Example: the length of one side of arectangle
Example: the distance around the edge of a circle, the Circumference C=2xr,whereC

and r are measured in meters and 2 and 7 are constant coefficients having no units, has
dimensional analysis meters = (nounits)(nounits)- meters

" Example: the cost of fencing $f tells us we want length or perimeter.
meter |

b. Atwo-dimensional calculation is area, the flat space contalned ina ﬂat object measured in
two-drmensronal units, like square feet= feet P T ;
1 Example: the area,o'f 3 rectangle A = L-W has dimensional analysis feet* = Jeet - feet -

$2 ; tells us that we need the area of the

Example: the cost per sq uare foot of carpet p
- Qo0

~“spaceto be carpeted

c. Athree-dimensional calculation is volume, the voluminous space contained within a real-
world object, measured in three-dimensional units, like cubic meters = meters3

Example the volume of a rectangular solrd V'=L-W-Hhas dumensronalanalysrs .
feet® —-feet Jeet - feet ' cr pil
Practice: : ~
Use dimensional analysis to determme if the followmg formulas and calculatlons might be correct.
1) The penmeter ofa rectangle is P=2L+2W
2) The surface areaofa rectangular solidis A= 2LW +2WH +2LH

\, 3) The volume of a sphere is V = —;1 r
\ 4) The total cost of fencing = cost per foot tlmes the number of square feet.




Math 250 . Related Rates
—_ Review. Find each of the following:

a. —d—(5x3) b. i(5x3)
= |\ox? \5 X" Ax
- -]

*Both (b) and (c¢) require CHAIN RULE because the derivative is with respect to t, yet the expressions are
not in terms of t.

p Tofindy, pleg m.
d. If xy=4, ﬁndg—x-whenx=8and~—2}—=—. %)’:"* _3’\/:%.
dt dt
& — \ C‘ = {
\ + 0y o\x ~ EK)%F o
e —

- d\/“’: |\‘ = 3
st i el
/‘\\

RELATED RATES problems concern rates of change of two or more related
variables that are changing with respect to time.

=-1cm/sec.

For example: Suppose a point is moving along the graph of y = Jx insucha way that % =
@ Find the rate at which the y coordinate is changing (i.e. find dy[ dt ) at the moment when x =9 cm.

g

é‘i 40 :3) \?C{Vi“icl@ WA DOV /\ﬂ

S et OH— ‘\e_@ 3

dﬁi—<”7 = «?a)(,\/\C\Q MOVANY
’ down



Math 250

Related Rates

/-\’A To solve Related Rates Problems, first list the following:

a. What you are GIVEN. This means the specific information listed in the problem.

b. What you are to FIND.

¢. What you KNOW. This means any formulas (such as area, volume, Pythagorean
Theorem, etc.) that would be appropriate for the situation. A picture might also help,

THEN, check to see if the formula you wrote in the KNOW part relates the variables
that you have information about in the GIVEN, and what you want to FIND. If so,
differentiate the formula from the KNOW with respect to time!

Bacteria are growing in a circular colony one bacterium thick. The bacteria are growing at a constant

rate, thus making the area of the colony increase at a constant rate of 12 mm?*/ Ar .
radius of the circle is changing at the moment when it equals 3 mm.

GIVEN: S22/ e rs 2

FIND:

KNOW:

Solve:

T
de
3

aN e Q-C' Ay ben

7&\\ = "Y‘(’ 7

Y
i

!"\

3

("‘ﬂ

o
]
18

T

-

i i
e i !
s
134

b

Determine how fast the

@ Johnny B. Good blows up a spherical balloon. In order for the radius to increase at 2 cm/sec, how
fast must Johnny blow air into the balloon when r = 3 cm?

GIVEN: ?C}(E =9 c"mi::@:;. , F= B cen

FIND: AV

KNOw: volume @L (SPW re. V= %.“/‘L,(
Solve:

A\I = L+TY 71 (\)L«

o Ar

SJ\Q\L = 4 () ’zq

hg\f

AV AT CV\A)/.;CC, é\ 5




I\Cdﬁh 250 - Related Rates
Z dx
“7R_ A point is moving along the graph of y = Jx in such a way that — = 0.5 cm/sec. Find the rate at

dt CXa )%‘1)

which the distance between the point and the origin is changing when x = 4. /,o( )
GIVEN: %’C\% - 0.5 Cmiseo ) X =Y ) \f;\[; %)),03 ______________________
FIND: CFXP (% 4

KNOW:  Aishonnce @mmu\a D= \J@ X )* + (\/;L Y YL

RENE “0)t 4 | (r DY'

Ve VxFyx ' = (x5 *’X)

48% b . g4 ’ X-;
dD . LA em
92 - (a3 ) 05) = Sk, g e
@ " The edges of a cube are expanding at a rate of 1.5 cm/min. Find the rate at which the (a) volume, and
(b) surface area are changing WHEN the edge is 2 cm long.

Solve:

a. For Volume:
GIVEN: gj—:}.ea cm fmn
FIND: AV

. X = A Cmn

b. For the Surface Area:

GIVEN: %i—-_- V. 5cwx/m\m) X = cwa
FIND: dh_
A¥
KNOW:  p_ [y
Solve:
AN = 19 A
at a¥

R 3\;\ = 1 (NH0rs) = BGCM



Kku_) D= \IQC,,_—’X‘") 3 (:t&_k,(ﬁ{) MW -F-avvw

%uio%d/\-‘m&'@ CATHE (o)oﬁ
C’Kg,%ab = C’X\%\ a’“‘é’ pm\mL mm cuNe.

D \/@“"‘9) —1—(16.-—o)
D= \Jx +%

- I‘F We di’-ﬁ@ex:e/m%aﬁra) MRt £ view ..

(
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Math 250 - Related Rates

A reservoir is in the shape of a cone, vertex down. The radius at the top is 20 meters, and the height of

the reservoir is 15 meters. Water is pouring OUT of the reservoir at a rate of 2 m } /min. Find the rate at
which the HEIGHT of the water is changing at the moment when the height is 10 meters.

] 20 M C\\)
DRAW A PICTURE: %= Guven hz 10w, &) -3 WU
) Vira i Y\A GU/\
Lo J1
V= _&}3<J ¥*V\OVO RzF0 H =19 resevenC ,
i min 5(./mLZLL “\’Y\rk\ké(’_il,,ﬁ—\ w i )y,_,'g\, Dgr welz =
V= Lmlhs
20 - Tee E
5 'f:" Kewrove ' s
= Y
© A e Al

V= L (4h) g A

2B
= (m dhn
/ - L - e Q,\ 5 (\D ) (i'k' I
Ve Wl 47 QLI [&h [
gqv“ \boow  AF 8DOW;\

A 20 ft. ladder leans against the wall. The base of the ladder is being pushed TOWARD the wall at a
rate of 0.2 ft/sec. Find:

a. The rate at which the top of the ladder is moving up the wall at the moment when the base of the ladder
is 6 ft. from the wall.

’ 0‘* = — 0.5 ftfsec, X=¢ all).(-0.2) + 24 )g%:o
3\
N20 . 5

AN Q,MS 3}>o b+ =20

N IRV N =B = 2557
¥ XY= 9D ~ o= o

X é&% 2 Citl =D 6@9 . ?2 ift %%W,m
o = | et |

TN

b. The rate at which the AREA of the triangle formed by the wall, ladder and ground is ¢ g at the
same moment as in part (a)

I - —0va freo x=06, y=24
At
A= S0y

ab _ oy J 1
’"_”};\,X %Jr\}({%&J .

2
&%’?X&i\ B oaﬂ B

|4 \r - % »2?1(%5’%)@
5 ’ ¥
C\_\ 6@_\ N «___i {_ 82{a\ '\_tj./

| e




Math 250

@ Allemate approach . differmntiots pisses o subshdule

1

Givent Az 1O

Kiow:! R=20, H=15 on (et s
Sqmla)»%«au@f_es mi\& e, -e\ L wella
V=30 h |
Dibferentinte V=Ll Mkwm WAMQL mu,"

%‘f‘* “LT('&V‘A" ‘h ‘+ r &h»

at
< V? ‘
3 1‘%
v
A =
| - Trouble
S il Trioustes
30 = r |
‘5 h en
5y back ‘l‘vd‘b

oo -L"ﬂ‘(l 4o idlﬂ o +C+o) C&h> ao\ueé?or%
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%-—9 5% A man s Wa/ua-’lﬂ

b

/ séc

0«) When he 1s L0 & away Lrom %e, base of
""6’3 of Wiz shadow vvmthp&

Vev=e ore

Fowr

hde of dqau«uJe of He cocrrclmoda

{25 &
/ 3 gz(/

‘o (iYO«LU &u%(‘a,m — \Ao“‘\% M{— A’Q\t vote OQ

away from a lamp post o} 50fsec.

The lamp is 1B & fall.
Aae man is G £ tall-

Jne h@‘nt at what rate s Hae

(,WQ of ¥ of shadow

(X*b; o) (/Wg ,0) (2.9 | s (‘ﬁ o)
} |
tha X‘“ﬁ 9 4
T L=y 5= B s b
) ° % 6 Yx T ¥
%:5 dx ~ 5 éf.:g dlyN) =5
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fH.lS@ 2. Relalod RBdes

(D A boat is pulled 1to a docle, Wsing, wineh 12 L
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