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~bjectives 
r-. _ 1) Use chain rule to find rates of change with respect to time 

. ~ 

a. Assume all variables change as time changes, unless stated otherwise. 

b. Take derivatives ! of all variables 

2) Find related rates equations 
a. Given an equation that describes the relationship among several variables, the related rates 

equation is the derivative of the original equation with respect to time t, and it shows how the 
rates of change are related to each other. 

b. Assume all variables change with respect to time, unless stated otherwise. 

c. Take derivatives!!..ofboth sides of the main equation. 
dt 

3) Use related rates equations to solve problems 
a. Draw a diagram or sketch 
b. List all variables 
c. 
d. 
e. 

f . 

g. 
h. 
i. 
j. 
k. 

. 
Write one or more formulas or equations which describe the situation and are true at all time t 
If one equation or relationship can be substituted to eliminate a variable, do this 
Recognize which variables are changing 

Find the related rates equation by taking derivatives ~ 
Substitute given values of variable at the instant of interest 
Substitute given rateS of change for derivatives at the instant of interest 
Solve algebraically for one unknown 
Use units to check work and answer question 
Check that the answer is reasonable-especially signs. 

i. If a rate of change is negative, that quantity is decreasing. 
ii. If a rate of change is positive, that quantity is increasing. 

Examples and Practice 

l) Find derivatives 

a. ~ (5x3
) 

b. ! (sx3
) 

c. !!.. (sx3 + y 2
) 

dt 

d. If xy = 4, find dx when x =8 and dy =-2 
~ dt dt 

2) Suppose a point is moving along the graph of y = ./; in such a way that dx = -1 cm/sec. Find the rate at 
dt 

which they-coordinate is changing at the moment when x = 9cm. 



3) Bacteria are growing in a circular colony one bacterium thick. The bacteria are growing at a constant rate, 

thus making the area of the colony increase at a constant rate of 12 mm2 I hr. Determine how fast the 
r----, radius of the circle is changing at the moment when it equals 3 mm. 

4) Johnny B. Good blows up a spherical balloon. In order for the radius to increase at 2 cm/ sec, how fast 
must Johnny blow air into the balloon when r = 3 cm? 

5) A point is moving along the graph of y =.Ji in such a awy that dx = O.S cm/sec. Find the rate at which the 
dt 

distance between the point and the origin is changing when x = 4 . 

6) The edges of a cube are expanding at a rate of 1.5 cm/min. Find the rate at which the a) volume and b) 
surface area are changing when the edge is 2 cm long. 

7) A reservoir is in the shape of a cone, vertex down. The radius at the top is 20 meters, and the height of the 
reservoir is 15 meters. Water is pouring out of the reservoir at a rate of 2 m3 I min. Find the rate at which 
the height of the water is changing at the moment when the height is 10 meters. 

8) A 20-foot ladder leans against a wall. The base of the ladder is being pu$hed toward the wall at a rate of 0.2 
ft/sec. Find: 

a. The rate at which the top of the ladder is moving up the wall at the moment when~ base of the 
~. ladder is 6 feet from the wall. 

b. The rate at which the area of the triangle formed by the wall, ladder, and ground is changing at the 
same moment as in part a). 

9) A man is walking away from a lamppost at 5 ft/sec. The lamp is 15 feet tall. The man is 6 feet tall. 
a. When he is 10 feet away from the base of the light, at what rate is the tip of his shadow moving? 
b. When he is 10 feet away from the base of the light, at what rate is the length ofhis shadow 

changing? 
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Geometry ~ormulas The petimeter is the -'1m of the lengt~ of all the sides of a figure. 
The area ia the amou~t of space enclosed by a two-dimensional 'figure measured 
in ·units squared. 
Tha surface area o'f a solid is the sum' of the arus of tha surfaces of a three. · 
'dimensional figure. · 

The volume is the amount of space occupied by o. tlµee-dUn.ensionhl figure 
measured in units cubed. · 
The racli111 r of. a circle ie the line segment that ex.ten de fr.om the center of the , 
circle to any point on~ cirde. . 

The dill1l8ter of a circ.le is any tine segment that extend& from one eomt on the 
circle throu,gh the center to a secol\d p~t on the circle. The diameter is two 
times the length of the radius. d • 2r. 

In circles, we use the term dreumference to mean the perb:neter. 

Plane ftgures . Formulas ............ ·-·--·-.. -·--.... ·-·-·-. -r·-·· --·-··-_ ....... _. ·-·-
Square D . Atta: A • s2 

. ' Perlmeten I' • 4s 

' 
Rectangle CJw 

l 

: Triangle ft .. 

A.rea:A • lw 
Pet1meten P • 2l + 2w 

Arut A.. lbh 
2 

·PtrtmetenP•a+b+c 

. 1 l--- . b I . 
: Trapezoid b . ~a: A 11111 -h(B + b) t~ . \ . -~-t+b+c+B 
j Parlllelogram 

Orde 

•• 
b 

·O 
~ v 

.... 
' .. Aro:A • bh 

Perimeter: p - 20 + 2b 

Aro: A.• '",a 
(fn:umfentnce: C • 'l..,,, • trd 

Solids Formulas 

t;; Lj \ Volume: V • 1
1 

• 
, ....... Surfl«·Aru: S • 6s1 

I ':': ·:., 
I , 

I 
I 

Rectangular Solid 

Sphere 

Right Circular Cyl.inder 

CON 

E2:1 
.. 

. h ' \,• . "· ~ 

. 

... '" ., 

@ . . 

.~r 
..; ' • ~ ... h 
~':"·~~. 

~/ . 
' 

Volume: V • lwh 
' Su~ Afe•: s - 2lw :t 2lh + 2wh 

. 4 . ..1· 

Volume: .v • 3'"' 
Surface Area: S • 41r,.a 

vol.um•: v - 'fl'r'h 
Sutface Area: S • 2trr2 + z,,rlt 

. ~·-· 

. ' 1. 
Volume: V • itrr'h .~r 

•I 

Sv.r~ /'\-reA. •, 
·--~------~--$~~--n-r2-~Jr~[.~"?.~:+-t.\---~-

, 
.> 



Units Analysis 

~bjective: Use units to check answers and formulas 

Units describe what type of items or measurements are used. Ex: feet, minutes, liter~ revolutions, miles per 
hour, dollars per square foot, cubic feet per minute. 

Rules for units or dimensional analysis 

1. To add or subtract units, the terms being combined must have the sai:ne units, and the result has 
those same units. (This is the same as "combining like terms".) . .. ! 

Example: feet+ feet= feet 
Example: 2 apples+ 3 apples= 5 apples 

2. When multiplying units, the dimension of the units increases. The exponent on the units is called the 
"dimension". 

Example: feet x feet= square feet:.: feet 2 

3. The word "per" in the units means divide. 
. miles 

Example: miles per hour= -- (the rate a car moves} 
hour · 

Example:' dollars·per square foot= dollm;_s (the cost of <:arpetifll})J 
feet . ··· r •· 

Example: cubic feet per minute= fe~t
3 

(rate a bathtub fills with:~ater),· 
mm ·· 

4. If you multiply a "per" expression by another expression with the same units as the denominator, the 
units cancel. (This is like canceling or divtding out a common factor.) 

miles · .. 
Example: - ·hours:::: miles (because 'hour' and 'hours' are the same, they cancel out) 

hour 
$2 

Example: --
2 

• 17 feet 2 
:::: $34 (because square feet cancel out) 

foot 

5. To check an equation or formula 
a. The simplified units must be the same on the left side as on the right side. 
b. Substitute the units for each quantity into the equation. 
c. Constants and constant coefficients have no units. 

Example: D:::: R · T, where distance Dis given in miles, rate R is given in miles per hour, and 
. miles 

time is given in hours, means the dimensions in the equation are: miles:::: -"'.hours, the hours 
· hour 

cancel, and we have miles::: mHes. 



Example: Suppose we mis"'remembered the formula as D · R = T. Dimensional analysis gives 

miles ft .d. . . . l.fi . miles2 ho, hel . 1· th t. miles. --=hours , but the le s1 · e S1mp 1 es to * urs , ping us rea 1ze a we 
hour hour 

have the formula wrong, because the units on the left are not the same as the units on the right. 

6. Exponents or dimensions tell us the shape of the concept being calculated 

Practice: 

a. A one-dimensional calculation is length ofa tine or a curved line, measured in one
di mensional units, like feet or meters. 

Example: the distance from point A to point B 

Example: the length of one side of a rectangle 

Example: the distance around the edge of a circle, the circumference C= 2n r , where C 
and rare measured in meters and 2 and n are constant coefficients having no units, has 
dimensional analysis meters= (nounits)(nounits) ·meters 

. • . $2 
Example: the cost of fencing --tells us we want length or perimeter. 

meter . 

b. A two-dimensional calculation is area, the flat space contained in a flat object,. measured in 
two-dimensional units, like square feet== feet 2 

Example: the area of a rectangle A= L ·W has dimenSional analysis feet 2 = feet·feet 

. . & . $2. 
Example: the cost per square 1oot of carpet --

2 
tells us that we need the area of the 

· foot 

·space to be carpeted 

c. A three-dimensional calculation is volume, the voluminous space contained within a real
world object, measured in three-dimensional units, like cubic meters= meters3 

Example: the volume of a rectangular solid · V = L · W • H has dimensional analysis 
feet 3 = feet· feet· feet 

Use dimensional analysis to determine if the followiAg formulas and calculations might be correct. 

1) The perimeter of a rectangle is P = 2L + 2W 

2) The surface area of a rectangular solid is A = 2LW + ~WH + 2LH 

3) The volume of a sphere is V = 
4 

n r 3 

3 
·4) The total cost of fencing= cost per foot times the number of.square feet. 



Math250 Related Rates 

Review. Find each of the following: 
~ . 

d 3 

(D
a. -(Sx) 

dx 

= ~c5x~J 

d 
c. -(5x3 +y2) 

dt 

*Both (b) and ( c) require CHAIN RULE because the derivative is with respect to t, yet the expressions are 
not in terms oft. 

- '·• 

To -f:i Acly J -pl~ ·,V\ 
dx dy 

d. If xy=4, find - whenx= 8 and - =-2. 
dt dt 

'°D'y ::: L-\ ~ '/ == -i 

RELATED RA TES problems concern rates of change of two or more related 
variables that are changing with respect to time. 

(;;\ For example: Suppose a point is moving along the graph of y = J-;. in such a way that dx = -1 cm I sec. 

~ Find.the rate at which they coordinate is changing (i.e. find d)' / dJ- ) at the moment ~hen x = 9 cm. 

\ -'f 
('\\I \ " ~;.. ' ·{t ... ?- 1' 1j)'. 

d+ 

~< ~(<i~'f;.(-1) 
3 

·------ -·++-+-··+·-+-+-\---\--~---· 

1 

'fox--1-1 c\ ~ mo v'1 V\~ 

clow-n 



Math250 Related Rates 

To solve Related Rates Problems, first list the following: 

a. What you are GIVEN. This means the specific information listed in the problem. 

b. What you are to FIND. 

c. What you KNOW. This means any formulas (such as area, volume, Pythagorean 
Theorem, etc.) that would be appropriate for the situation. A picture might also help. 

THEN, check to see if the formula you wrote in the KNOW part relates the variables 
that you have information about in the GIVEN, and what you want to FIND. If so, 
differentiate the formula from the KNOW with respect to time! 

e · Bacteria are growing in a circular colony one bacterium thick. The bacteria are growing at a constant 
rate, thus making the area of the colony increase at a constant rate of 12 mm2 I hr. Determine how fast the 
radius of the circle is changing at the moment when it equals 3 mm. 

GIVEN: JA =-L2,rY1~/\-ir ) r.::: 3mVV\ Ol+-

Solve: 

FIND: Jr 
CG-

KNOW: f' 
CLY--.(> r:t C.11-

c\A -=-- ',/\\IL chL
CM. ot+· 
\ ~ -== ~ -n· . ·::., -d i '--

cH .. 

Johnny B. Good blows up a spherical balloon. In order for the radius to increase at 2 cm/sec, how 
fast must Johnny blow air into the balloon when r = 3 cm? 

GIVEN: Jr = 8. CN\ 1:.ec ) 1:;:; 3 cvn CI+ 

Solve: 

FIND: 

KNOW: 

c\"l 
c:w= 
\[ 0 \ VvV'fl-.e. ~ <:>p h.e t' c__, 

d\J - 411 ,;~ c\ )<-

ol+ - ~r~:-

dv == Y--rr C3),_ ( 'd.,\ 
ck;\- ~ J 

, ___ "'•·--· ··-· - . - ~---- -- - -· - - - ~-- --~--~---...,_ 

\ 

~ \J - -:t-~ 1\ cv~> J /' 
o~ t /5ec. \ 

\ 

·--~--~---~-------~-,,_,_,_,..,---

2 



wh 250 · · Related Rates 

~. A point is moving along the graph of y = .fx, in such a way that dx = 0.5 cm/sec. Find the rate,~t "\ 
dt U< <?-) '&-i ) 

which the distance ~een t~e poinl: and th~ :~gin is'fc~an~ing when x = 4. -------~~=~-~-~-~ 
GIVEN: o\.,t ~ D .:;> Cl/IA .)ec, ) " -, l -'-!~ ~lo) 

FIND: JD (Xi ~) 
d::f .r '2.. ~ 

KNOW: cl1 ~.r\-o.,V\_4-- fv1 'fV\1.1.-\A \) :::;- \} ~ ;i.- >< :) + C 'I~ - 'I 1 J 

Solve: l) ::: ~(( _ 0 )-z. +c ri-~ ~) '- I 

D ::::- v-::;:z:-;_--:;.-, :::::-. C -i2--\-- x)'1 
'2-

r:\ \) -:::- \~ (,;1.-L X-::-Y-:i. ('2.Y-. + \-) Jy. 
---, +- "7- "' -. ) ~ 
c\ ,_ 

~ ~ t( t{+ 4)y2 ('.2·'1 +1) (o,sJ =- 1l~o 1~;~;] 
@ ' The edges of a cube are expanding at a rate of 1.5 cm/min. Find the rate at which the (a) volume, and 

(b) surface area are changing WHEN the edge is 2 cm long. 

a. For Volume: 

Solve: 

GIVEN: 

FIND: 

KNOW: 

JL_ 1 h &+ - • _) 

dV --rr .~ .. -r~ 

V-=- x 7:J 

£¥- ~ 3Xt-~ 

~:: '3(;))(t·6') ~~~~bJ 

b. For the Surface Area: 

Solve: 

GIVEN: ~~ =- \, 5 CV'Aj VV\ 1 Vi. J X-::::- ·~ c \Iv\ 

FIND: J.A. 
c;l-\--

KNOW: A::.- 0x'/_ 

dA = I ?--x 4L 
d-t- dJ-

dA::: IJ(?-)(\,tS) 
cl+ . 

3 



1l::: 4 

it-=-JX 

+:in.A. ulD 
~ 

~ 'D ==- \Je?'?---x,j"l.. 4- (~~ )'2... 

Su\.o~\-h.<l-a., ('K\ > '3 J =- (o 16) 

Cix9-,~?--)=- c~lia-) ~ ~""'+ ~~ ~. 

1:> == '1 ~ -0) '"Z.-+-- 6zr -o )7-

D :::::. J X'Z-4- ~'2-' 

~ :r.f W.ll- dt~~'~ u..x<..-r- -t- V\.eW l l. I --
~ "" ~ (?Z-~~)4-C ~)( %- +- d- ~) . 

1 1? t r 

i ~ CJ~t- ~w Tr-iP c..Jo~ .. 
f;;J .I ~ >/ .VJ.e. ~ t . . ~J. (f .. ' 

Y. 
5 ~c.e_ <r- '\[X =- )C ~ 

k -~ ~ ~~£T1- -fbr· k. . . 
~~~·. -M =~y· .°"* ~ 

J1) . . -~ . _l~ ) 
_ =. J_ (~ ~'4) ( 'd--'f.-. J.'H + G4- • -lx: & 
ol+ 9- CJ --a:t=· a ?-- d.+-

~ ~ .. ~ qJ 'tf_Jq"; ~.~ 0.-S 

&D ~ -~ :\ 
M -;:__ ~ ( l1""+~-i.) ( 'J..· '-I .(b .5) +-?.«J. ·~· (D · o. s J 

~~·~(~+0.5): ~·~·t= ~~~ 



Math250 Related Rates 

A reservoir is in the shape of a cone, vertex down. The radius at the top is 20 meters, and the height of 
the reservoir is 15 meters. Water is pouring OUT of the reservoir at a rate of 2 m 3 I min. Find the rate at 
which the HEIGHT of the water is changing at the moment when the height is 10 meters. 

DRAW A PICTURE: ~-;i. {) r'\) _Q-_:1_~ '. \tlh:. \ 0 f\/'1 ~ ::- - d- \'\~'; /rV\ 1 " 

\SN\ t:.1 v"J, cl 
---- &Ct-

dv-::: - d:..j ~..J -V__\(\ow" t< ::.- <J-o -\-\- =- \5 r--e~rve1' 
o\J VV\ i {\ -- 5 -1 -/IA i LtG\.. -hi c1. ~k!lr- w \ )L- 1 R"- o\ w t:t VL ::,_ 

\/ -::::- ~IT,-! ,C, 
3 

TL-=- 0-~. 
~ u. ')___ n o\ \l _ \ \.Q i\~1- d h 

V- l +t- ( _:_.L 0 ) Al' DU· - Ci\ 0\-=f-
- r}_; \\\.-!:>"It\/\ 

J L \' 0 '~ ~i-=- lk-"(1tf) ~h 
\ ---=-· -o tt"' _*'v\ q cl+ 
v-:: \ l£§ .t;:, -J£- :::- J h ~ r=-i---:;;;1~:,~~1 

'} "-1 I lo O 011 ({F- \ Z'roe)ll 

@ · A 20 ft ladder leans against the wall. The base of the ladder is being push~d TOW ARD the wall at a 
rate of 0.2 ft/sec. Find: 

a. The rate at which the top of the ladder is moving up the wall at the moment when the base of the ladder 
is 6 ft. from the wall. 

\ 
\20 l.ol---\- "{'--::: d.d-

"l ~ \} '3 {,}-\ ::: ~ sqj' 



t--l~ -a.roe 

(j) Al~e..-~rc9~" d-\~+io.-+e.. r1.e_~ '4-· ~~~ 

\~ : "R-::::.. 'JO) lt-:::c \ 5 ~ ~V.:. tnA..S 

s; vvt.l~ -}-y; a..'-1,(,es v..Yi 4& )t_/ ~ ~ ~ 

. Y-=- ~1T r-:a..~ 

"'1);~~~ v~i"llr1 ~ 

~= J_-n-( d-r J." -h + 
~ 3 ·af 
·1 

~f \le.ti\ v 

'\\ ~ 
"f'f'O~l~· 

~ NL-l~ TnetAA.?J-e-~ 
d-b -=::.. r -t? h 

-1h = r . 

·~.~~~ 
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A l'l't<V\ is W ~i ~ fJJN ~ ..fvvwt Pl ~ po>f-~ 5-P</ s.ec. 
1h.e. ~ is I? H -t-llJl. 
lf'v\-t, fV\/M\, i~ (g fl ~11-
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l ff=:'', 
~ '-? .5 ~t(sec. 

b) Whel-\ ht- is l() ~-t titt-Cc\~) a)- wW rv4-e- is ifte Le~+&~ kh 5{.._a.J<rr,v- ~~·'J3' 

%t;: 0 

t=\V\~ f 
~o55 -vnu,l+: 

\S-x = ~'t.+l..o~ 

q Y. ~ la'\ 
3'1-~ ')..~ 

!>·~= ~·h 
~~ dA-

? · k ==J.S 
<M--

\IS _ ?(k'!i 

~- -s 
~ :::S 
c\.\' 

I 'f\~o\ ~ 

I cv~s<>- ""u.l\-

/ I '5~ ~ 0 'f.-f (o1 
I I Ci\//&x 
i 

?>~-::; ~'f.. 

? <!:i..::: 9,. ~ 
-at 0.\-

3·~:::: ?-··~ 
J-t . 

\5 - 1-c;; - 'f-1' 

. ~ ~s 
d-\--
' ~ J('i'~ 

~\ ~ 

\O)~ - \ t?x-:;. ~y 

q'f-;;-\IQ,)( 

'Z-r;;: 5-t 

3~;:::: 5d.j. 
ott- ~ 

x - \0 ~ 
~-3 sec.. 
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(}) G, l ~ x '?-~ tt""L~ L--"'S'"" 

c0 f;-wi ~ ~ Y-=3, ~=Y ~ =.'if. 

~ I : -P~-en'"h'~ w~ i- . 

2.x · ~ + 2y :C+ ==- o . 

~'2..: Su.bs-h~ l<vto-wYl ~ue.-S · 

2.·3· 8 t- '2°4 OH=:.. 0. 

~'3: 5o\\l"e ~ u.Ytk.vt~ va:tu.e. 
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2-· '-1 -=-~ ' 
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